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Within the framework of macroscopic quantum electrodynamics and scattering theory, we derive
the general expressions for the variance of radiative heat transfer between two arbitrarily shaped
objects placed in an arbitrary environment in terms of their T-operators. The such derived ex-
pression is valid in the far- and near-field regime of thermal radiation as well as for reciprocal and
non-reciprocal objects of any size within a reciprocal or non-reciprocal environment as long as the
distances between the objects and their sizes are covered by the macroscopic approach. As a spe-
cial case we discuss the variance of the radiative heat flux between two nanoparticles in near- and
far-field regime.
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It has been shown by several theoretical and experi-
mental works that the Stefan-Boltzmann law does not
provide an upper limit of thermal radiation between
two media for distances smaller than the thermal wave-
length anymore. This is due to the fact that the Stefan-
Boltzmann law only takes propagating modes into ac-
count, whereas for distances smaller than the thermal
wavelength evanescent waves will contribute to the en-
ergy flux as well [1–3]. These evanescent modes, and
in particular surface modes increase the heat flux and
can result in heat fluxes, which can be orders of magni-
tude larger than the blackbody value [1–3] as whitnessed
by several recent experimental setups for a plane-plane
geometry [4–11] or a sphere-plane geometry [12–19] for
polar materials, metals, phase-change materials, and hy-
perbolic materials. Consequently, new theoretical limits
for the near-field heat flux are needed and have been de-
rived [20–24]. Recently, it could also be shown theoreti-
cally and experimentally that when making the thickness
of two opposite membranes much smaller than the ther-
mal wavelength then even in the far-field regime the heat
flux is not limited by the Stefan-Boltzmann law [25, 26].
In principle, this effect is known for nanoparticles for a
long time and can be traced back to the fact that the
absorption cross section of a nanoparticle can be larger
than its surface [27].
These new theoretical insights into the properties of
thermal radiation at the nanoscale can be exploited
for near-field thermal imaging methods [28–33] and en-
ergy harvesting by near-field thermophotovoltaic de-
vices [34, 35], for instance. Furthermore, new possibil-
ities for passive and active termal management at the
nanoscale using the specific properties of phase-change
or non-reciprocal magneto-optical materials have been
presented, not only leading to interesting concepts like
near-field heat flux diodes [36–40], transistors [41], mem-
ories [42, 43], logic gates [44], and memristors [45], but
also to new fundamental effects for thermal radiation like
a persistent heat flux [46–48], persistent angular momen-
tum and spin [47, 48], giant magnetic resistance [49, 50],
and a Hall effect for thermal radiation [51, 52]. How-
ever, it is interesting to note that all these findings are
related to the first-order coherence properties of ther-
mal radiation only. When considering, for example, the
heat flux, then it is in most cases characterized by the
mean values of the Poynting vector, i.e. by the correlation
function 〈〈E ×H〉〉 for the fluctuational thermal electric
and magnetic fields E and H where 〈〈◦〉〉 symbolizes the
ensemble average. In contrast, higher-order coherence
properties like the variance of the heat flux, for exam-
ple, which is connected to correlation functions of the
form 〈〈(E×H)2〉〉, have only scarcely been studied in the
near-field regime. There are only a few works discussing,
for example, the fluctuations of radiative heat transport
in the near-field regime [53, 54], or deriving Green-Kubo
relations for thermal radiation, and connecting by this
the equilibrium fluctuations of second-order to the lin-
ear transport coefficients in reciprocal and non-reciprocal
systems [55, 56].
The aim of this letter is to make a first important step
into the development of a general higher-order coherence
theory for near-field thermal radiation within the frame-
work of macroscopic quantum electrodynamics [57] which
is a fully quantum version of Rytov’s fluctuational elec-
trodynamics [58] mainly used in the field of near-field
thermal radiation. To this end, we derive a general trace
formula for the variance of the heat flux between two
arbitrarily shaped objects immersed in an arbitrary en-
vironment. Therefore, we use the scattering approach
which describes the optical properties of the objects by
their T-operators including non-reciprocal objects and
environments as needed in magneto-optical systems, for
instance. The derived expression complements the trace
formulas for the mean heat flux [59] and allows for study-
ing the fluctuations of the radiative heat flux around its
mean value for arbitrarily shaped objects of any size for
arbitrary distances, as long as the macroscopic approach
is valid. Therefore, our general expression renders it pos-
sible to study heat flux fluctuations in far- and near-field
regime for any two objects, which can have super or sub-
wavelength size. This work will pave the way for future
theoretical studies of higher-order coherence theory for
near-field thermal radiation and enhanced experimental
setups for accessing these higher-order properties.
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2Let us first start with the expression for the mean heat
flux between two objects α and β with a volume Vα and
Vβ immersed in an arbitrary environment, assuming that
the objects and environment are in local equilibrium at
fixed temperatures Tα, Tβ , and Tb. In order to determine
the heat flux between the objects α and β, one can de-
termine the amount of heat dissipated in object α, for
instance, which is determined by the work done by the
total field on the total currents inside the partice, i.e. by
〈〈Hα〉〉 =
〈∑
i
∫
Vα
d3r
{
Ei(r, t), Ji,α(r, t)
}
S
〉
(1)
where we use the symetrically ordered expression for the
electric field and current operators as indicated by the
anticommutator {Ei, Ji}S = (EiJi + JiEi)/2. As de-
tailed in Ref. [56] by using the scattering approach and
the fluctuation dissipation theorem [59–61] for evaluating
the averages, assuming that the enironmental fields and
the source currents in both object are in local thermal
equilibrium, one arrives at a compact expression for the
dissipated heat in object α. It reads
〈〈Hα〉〉 = 3
∫ ∞
0
dω
2pi
~ω
[
(nα(ω)− nb(ω))T α1 (ω)
+ (nβ(ω)− nb(ω))T α2 (ω)
] (2)
introducing the mean photonic occupation number
nα/β/b(ω) = 1/(exp(~ω/kBTα/β/b) − 1) at temperature
Tα/β/b with the Planck constant ~, Boltzmann constant
kB, and the transmission coefficients T α1 and T α2 . Note
that the overall sign is chosen such that the dissipated
heat into object α is positive. From the above expres-
sion it is clear that, when taking Tα = Tb, then there can
only be a heat flux from object β to object α so that the
inter-object heat flux is
〈〈Hβ↔α〉〉 = 3
∫ ∞
0
dω
2pi
~ω(nβ − nα)Tβ→α. (3)
Another way to obtain this expression is to start from
Eq. (1) and only to use the field and induced currents
generated by the thermal sources in object β at temper-
ature Tβ giving the heat flux 〈〈Hβ→α〉〉(Tβ) ≡ 〈〈H˜α〉〉 from
object β to α which coincides with Eq. (3) for nα = 0.
The backflow, due to the fact that object α has a tem-
perature Tα, can be calculated in the same manner just
by assuming that the sources in β have temperature Tα
so that the amount of backflow is 〈〈Hβ→α〉〉(Tα) ≡ 〈〈H˜β〉〉
and the overall exchanged power results in 〈〈Hβ↔α〉〉 =
〈〈H˜α〉〉 − 〈〈H˜β〉〉. The transmission coefficient of interest
Tβ→α = −T α2 can be expressed as [56]
Tβ→α = −4
3
ImTr
[
P
]
(4)
within the scattering approach, where the trace is not
the usual trace but the operator trace
Tr
[
P
]
=
∑
i
∫
d3r 〈r|Pii|r〉. (5)
By this definition the trace has the usual trace properties.
The operator P can be expressed as
P = OβGχβG
†D†βαT
†
α, (6)
where G is the operator of the Green’s function taking
the geometry of the environment into account, Dαβ =(
1 −GTαGTβ
)−1
is a Fabry-Perot like term taking the
multiple interactions between object α and β into ac-
count, Oβ =
(
1+GTα
)
Dβα, and Tα/β is the T-operator
of both scatterers α and β determined by the Lippmann-
Schwinger equation. Finally, χβ is the generalized sus-
ceptibility of object β defined as [56]
χβ =
Tβ −T†β
2i
−TβG−G
†
2i
T
†
β . (7)
In this way, the heat flux is expressed in a very gen-
eral manner for objects and environment of any geome-
try which is fully contained in the T-operators and the
Green function.
Now, the variance of the heat flux from object β to
object α is defined as
Var := 〈〈(H˜α − H˜β)2〉〉 − (〈〈H˜α〉〉 − 〈〈H˜β〉〉)2
= 〈〈H˜2α〉〉 − 〈〈H˜α〉〉2 + 〈〈H˜2β〉〉 − 〈〈H˜β〉〉2
(8)
assuming that the sources at Tα and Tβ are statistically
independent so that 〈〈H˜αH˜β〉〉 = 〈〈H˜α〉〉〈〈H˜β〉〉. To evaluate
this expression we need to evaluate the first term only,
which can be done by assuming that the field and current
operators of thermal radiation fulfull the typical Gauss
property of thermal radiation [64]. Then after a lengthy
and tedious calculation[65] we arrive at the compact trace
formula for the variance of the heat flux given as
Var =
∫ ∞
0
dω
2pi
∫ ∞
0
dω′
2pi
[
nα(ω)nα(ω
′) + nβ(ω)nβ(ω′)
]
× 16~2ωω′
(
ω
ω′
Tr
[
Re
(
M(ω)
)
Re
(
N(ω′)
)]
+ Tr
[
Im
(
P(ω)
)
Im
(
P(ω′)
)])
(9)
with the operators
M = OβGχβG
†O†β , (10)
N = TαDβαGχβG
†D†βαT
†
α. (11)
This general expression for the variance of the heat flux
between two arbitrarily shaped objects α and β immersed
in an environment of arbitrary geometry is the main re-
sult of this work. It is valid for far- and near-field ther-
mal radiation and any size of the objects, given that the
distances and sizes are covered by macroscopic electrody-
namics. Note that, because of our interest in the heat flux
fluctuations, we have only taken thermal fluctuations into
account, i.e. we have omitted any vacuum fluctuational
3part in the calculations. Furthermore, for reciprocal ob-
jects and environment one has Ttα/β = Tα/β and G
t = G
and therefore also Mt = M and Nt = N so that in this
case the hermitian operators M and N fulfill Re(M) = M
and Re(N) = N. In this case the real part in the first
trace expression can be omitted.
From the general trace formula in Eq. (9) it is evi-
dent that even if we have a zero mean heat flux, i.e. if
we have established global equilibrium by setting Tα =
Tβ = Tb, then there is still a variance of the heat flux
so that even in global equilibrium we have heat flux
fluctuations. Furthermore, the fluctuations are symmet-
ric with respect to the temperatures of object α or β
in the sense that the fluctuations are proportional to[
nα(ω)nα(ω
′) + nβ(ω)nβ(ω′)
]
and therefore a temper-
ature exchange Tα → Tβ leaves the fluctuations invari-
ant whereas this exchange changes the sign of the mean
heat flux. Of course, this symmetry is only valid if the
temperature dependence of the material properties can
be neglected. For phase-change materials like VO2, for
instance, the amplitude of heat flux changes dramati-
cally by interchanging Tα ↔ Tβ when working around
the phase change temperature of 340K. This diode ef-
fect [36–39] will also have an impact on the amplitude of
the fluctuations.
We now discuss the heat flux fluctuations for the spe-
cial case of radiative heat transfer between two identical
spherical nano-particles with radius R and an interparti-
cle distance d. We assume that the radius is much smaller
than the thermal wavelength and that the distance d is
larger than 3R. In this case the dipole model is valid and
the T-operator in position space simplifies to [66]
Tα(r, r
′) = k20αnp1δ(r− rα)δ(r′ − rα) (12)
introducing the polarizability αnp of the nanoparticle α
at position rα and the vacuum wavenumber k0 = ω/c
with the light velocity in vacuum c. Of course, a sim-
ilar expression is valid for Tβ . As a consequence, the
generalized polarizability of particle α has the form
χα = k
2
0
[
Im(αnp)− k20|αnp|2Im(G)
]
1 ≡ χα1 (13)
and is equal to the generalized polarizability of parti-
cle β, i.e. χβ = χα. Note that for equal arguments
G(rβ , rβ) = G(rα, rα) ≡ 1G, because of the isotropy and
homogeneity of vacuum. Furthermore, all the operators
G(r, r′), D(r, r′), etc. are diagonal so that it is very sim-
ple to determine the operator traces needed to evaluate
the mean heat flux in (3) and variance of the heat flux
in (9).
The transmission coefficent in Eq. (4) can be expressed
as the sum of two transversal and one longitudinal mode
Tβ→α = 1
3
[
2T⊥(ω) + T‖(ω)
]
. (14)
The transmission coefficients of the transversal and lon-
gitudinal mode are given by
T⊥/‖ =
4χβχα|G⊥/‖|2
|1− k40α2npG2⊥/‖|2
. (15)
The terms G⊥/‖(d) are just the components of the
Green’s function in vacuum perpendicular and parallel
to the axis connecting particle α and β which are at dis-
tance d = |rα−rβ | > 0, i.e. G(rα, rβ) = G⊥(d)e⊥ ⊗ e⊥+
G‖(d)e‖ ⊗ e‖ with unit vectors e⊥/‖ perpendicular and
parallel to the axis connecting the two nanoparticles.
They can be expressed as
G⊥(d) =
eik0d
4pid
[
k20d
2 + ik0d− 1
k20d
2
]
, (16)
G‖(d) =
eik0d
4pid
[−2ik0d+ 2
k20d
2
]
. (17)
Hence, the mean heat flux between the two nanoparticles
is
〈〈Hβ→α〉〉 =
∫ ∞
0
dω
2pi
~ω(nβ − nα)
[
2T⊥(ω) + T‖(ω)
]
(18)
as, for example, already derived in a different form by
Volokitin (see Ref. [3] and Refs. therein). Since the trans-
mission coefficients T⊥/‖ are proportional to |G⊥/‖|2, the
heat flux scales like 1/d6 in the near-field regime and
in the far-field region like 1/d2 as is well known for
dipole-dipole interactions. But note that due to the
denominator of the transmission coefficients T⊥/‖ the
heat flux is bounded and does not diverge as d → 0.
In the near-field region k0d  1, it is easy to show
that T⊥/‖ ≤ 1. Thus, the maximum heat flux is ob-
tained when T⊥/‖ = 1 for all frequencies resulting in
〈〈Hβ→α〉〉max = 3pik2B/(12~)(T 2β − T 2α). This means that
each of the three modes contributes to the conductance
at most one quantum of thermal conductance as is known
for the interparticle heat transfer even in many-particle
systems [62, 63].
Inserting the T-operator of the nanoparticles into the
trace terms in the expression for the variance of the heat
flux in Eq. (9), we find
Tr
[
Im
(
P(ω)
)
Im
(
P(ω′)
)]
=
2T⊥(ω)T⊥(ω′) + T‖(ω)T‖(ω′)
16
(19)
and because of the reciprocity of the particles and the
environment we obtain
Tr
[
M(ω)N(ω′)
]
=
2T⊥(ω)T⊥(ω′) + T‖(ω)T‖(ω′)
16χβ(ω)χβ(ω′)
× |αnp(ω′)|2|1 +Gk20αnp(ω)|2
(20)
so that the variance is
Var=
∫ ∞
0
dω
2pi
∫ ∞
0
dω′
2pi
[
nα(ω)nα(ω
′) + nβ(ω)nβ(ω′)
]
×~2ωω′[2T⊥(ω)T⊥(ω′) + T‖(ω)T‖(ω′)]
×
(
ω
ω′
|1 +Gk20αnp(ω)|2|αnp(ω′)|2
χβ(ω)χβ(ω′)
+ 1
)
.
(21)
From this expression it is already obvious that the vari-
ance scales in the near-field regime like 1/d12 and in far-
field regime like 1/d4. Hence, the standard deviation of
4the heat flux has the same distance dependence as the
mean heat flux in these extreme limits of distances much
smaller or much larger than the thermal wavelength. As
can be seen from this expression, we cannot derive a gen-
eral maximal variances as we have done for the mean
heat flux by setting T⊥/‖ = 1 for all frequencies, because
it depends on the polarizability and not on the transmis-
sion coefficients only. Nonetheless, we can evaluate the
maximum contribution of the second term in the round
brackets giving 3
(
pik2B/(12~)
)2
(T 4α + T
4
β ).
It can be further noted that the mean heat flux only
contains the quantity Im(G), whereas the variance in-
cludes Re(G) and Im(G). It is well known that Im(G) =
k0/6pi and that Re(G) is divergent which is an arte-
fact of the point-like treatment of the nanoparticles [67]
which is usually circumvented by introducing some kind
of dressed polarizability or by simply neglecting the ra-
diation correction terms which is equivalent to setting
G = 0. In order to be able to numerically evaluate the
expression of the variance without the hurdles of using
the correct choice of dressed polarizabilities, as for ex-
ample discussed in much detail for the discrete-dipole
approximation in Ref. [70], here we decide to neglect the
radiation correction at this stage by taking G = 0 be-
cause it has been already found in other works that it is
negligibly small for configurations where the dipole model
is valid [68, 69]. Then the generalized susceptibilities are
simply χα = χβ = k
2
0Im(αnp) and the transmission coef-
ficients simplify to
T⊥/‖ =
4k40Im(αnp)
2|G⊥/‖|2
|1− k40α2npG2⊥/‖|2
. (22)
Note, that in the near-field regime k0d 1 the quantities
G⊥ ≈ −1/(4pik20d3) and G‖ ≈ 2/(4pik20d3) are purely real
so that the maximum value of T⊥/‖ is indeed equal to
one and it is obtained if the condition k40|αnp|2G2⊥/‖ = 1
is fulfilled.
These expressions are now evaluated numerically us-
ing the polarizability αnp = 4piR
3( − 1)/( + 2) with
the particles permittivity  for SiC [71]. In Fig. 1 we
show a plot of the mean heat flux 〈〈Hβ→α〉〉 and the
standard deviation σ =
√
Var for two SiC nanoparti-
cles at Tα = 300 K and Tβ = Tα + ∆T . It can be
seen that the standard deviation can be approximately
6 times larger than the mean value for ∆T = 20 K and
about 25 times larger for ∆T = 5 K. We find numer-
ically that for small ∆T  Tα the ratio of the stan-
dard deviation and mean heat flux σ/〈〈Hβ→α〉〉 scales like
1/∆T . This is the same temperature dependence as for
the ratio of
√
3pik2B/(12~)
√
T 4α + T
4
β and the maximum
heat flux 〈〈Hβ→α〉〉max. Actually, the 1/∆T scaling is a
general feature because the variance or standard devia-
tion goes to some constant value for ∆T → 0, whereas
the heat flux goes linearly in ∆T to zero. As a con-
sequence, the relative amplitude of the heat flux fluc-
tuations becomes extremely large for small temperature
differences, as pointed out recently for two semi-infinite
Figure 1: Standard deviation σ =
√
Var normalized to√
3pik2B/(12~)
√
T 4α + T
4
β for two SiC nanoparticles with 25 nm
radii held at temperatures Tα = 300 K and Tβ = Tα + ∆T
with ∆T = 20 K. The 1/d6 and 1/d2 dependence of σ in the
near- and far-field regime can be clearly seen together with a
saturation for d = 2R. The inset shows the ratio of the stan-
dard deviation σ and mean heat flux σ/〈〈Hβ→α〉〉 for different
temperature differences ∆T .
materials [53]. More detailed studies on the impact of ge-
ometry, material properties, background, and zero fluc-
tuations are needed to get more inside into the general
nature of heat-flux fluctuations in near-field heat transfer
and our trace formula provides the basis for such studies.
In conclusion, we have derived a general trace formula
for the variance of the heat flux between two arbitrarily
shaped objects and discussed it’s consequences for two
spherical nanoparticles. By this, we have made the first
important step towards a general higher-order coherence
theory for near-field thermal radiation. We are convinced
that this theory will not only bring new interesting in-
sights into the fundamental properties of thermal radia-
tion at the nanoscale, but it will pave the way for exper-
imental and theoretical tests of the Gaussian property
and fluctuation theorems for near-field termal radiation.
Since the fluctuations of near-field thermal radiation and
therefore also for the heat flux happen to be on a time
scale which is determined by the coherence time which
is in the near-field between femto- and pico-seconds [53],
ultra-fast near-field measurement methods need to be de-
velopped in the future in order to verify the here made
predictions.
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